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Nonequilibrium steady states

F

TypicalRare

How far can we walk against the stream ?



Extreme excursions
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Statistics of minima
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reduction



(c)

Stochastic entropy production
We study nonequilibrium steady states with stochastic dynamics
described by Fokker-Planck or Master equations

(a)
+-

(b)
ATP ADP+P

Quantum dots Molecular motors Colloidal systems

Nonequilibrium steady state

characterized by currents          , thermodynamic forces

and entropy production



Stochastic entropy production

Equilibrium :            reversibility

Non-equilibrium :    irreversibility

J. Lebowitz, H. Spohn, J. Stat. Mech. 1999; U. Seifert, PRL 2005

stochastic trajectory

time-reversed trajectory

fluctuates

Example driven colloidal system 

stochastic heat [Sekimoto 1998] nonequilibrium system entropy

environmental entropy change

system’s 
entropy change



Stochastic entropy production
Andrieux, Gaspard, Ciliberto,  
Garnier, Joubaud, Petrosyan, PRL 2007

for the recurrences ofM such reference paths or patterns in
the time series. Next, we also introduce the probability
P!"ZRm; !; "; n# for a reversed path of the reversed process
to remain within a distance ! of the reference path Zm
(of the forward process) during n successive positions.
According to a numerical procedure proposed by
Grassberger, Procaccia, and others [1,2] the entropy per
unit time can be estimated by the linear growth of the mean
‘‘pattern entropy’’ defined as
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By similarity, we introduce
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for the reversed process. The "!; "# entropies per unit time,
h"!; "# and hR"!; "#, are defined by the linear growth of
these mean pattern entropies as a function of the time n"
[1,2,4]. In the nonequilibrium steady state, the thermody-
namic entropy production should thus be given by the
difference between these two quantities:
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It is important to note that the probabilities of the reversed
paths are averaged over the paths of the forward process in
order for Eq. (9) to hold. The entropy production is thus
expressed as the difference of two usually very large
quantities which increase with the scaling law !!2 for !,
" going to zero [4,20]. Nevertheless, their difference re-
mains finite and gives the entropy production in terms of
the time asymmetry of the dynamical randomness charac-
terized by the "!; "# entropies per unit time.

In order to test experimentally that entropy production is
related to this time asymmetry according to Eq. (9), we
have analyzed for specific values of juj or jIj a pair of time
series up to 2( 107 points each, one corresponding to the
forward process and the other corresponding to the re-
versed process, having first discarded the transient evolu-
tion. Figure 1 depicts examples of paths z"t# for the
Brownian particle in a moving optical trap.

For different values of ! between 5.6–11.2 nm [21], the
mean pattern entropy (7) is calculated with the distance
defined by taking the maximum among the deviations
jZ"t# ! Zm"t#j with respect to some reference path Zm for
the times t $ 0; "; . . . ; "n! 1#". The forward entropy per
unit time h"!; "# is evaluated from the linear growth of the
mean pattern entropy (7) with the time n". The backward
entropy per unit time hR"!; "# is obtained similarly from
the time-reversed pattern entropy (8). The difference of the
two dynamical entropies is depicted as in Fig. 2(a). The
good agreement with the entropy production (5) is the
experimental evidence that this latter is indeed related to

the time asymmetry of dynamical randomness as predicted
by Eq. (9).

On the other hand, we have analyzed by the same
method the time series of the RC electric circuit. We see
in Fig. 2(b) that the entropy production obtained from the
time series analysis of the RC circuit agrees very well with
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FIG. 1 (color online). Time series of typical paths z"t# for the
Brownian particle in the optical trap moving at the velocity u for
the forward process (upper curve) and !u for the reversed
process (lower curve) with u $ 4:24( 10!6 m=s.
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FIG. 2 (color online). (a) Entropy production of the Brownian
particle versus the driving speed u. The solid line is given by
Eq. (5). (b) Entropy production of the RC electric circuit versus
the injected current I. The solid line is the Joule law diS=dt $
RI2=T. The dots are the results of Eq. (9).
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experimental evidence that this latter is indeed related to
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Universal laws for stochastic entropy production

Detailed Fluctuation theorem Jarzynski’s equality

Fixed time properties



Martingale theory for entropy production
I. Neri, É. Roldán, F. Jülicher, PRX 7 , 011019 (2017)

In steady state                          is a Martingale process:

“Its expected value in the future (conditioned on a past history)
equals to the last known value”

for any future time 

The martingale property generalizes the Integral Fluctuation Theorem

…and implies new universal properties of entropy production 

First-passage 
times

Splitting  
probabilities

Extrema



I. Neri, É. Roldán, F. Jülicher, PRX 7 , 011019 (2017)

1

Doob’s optional stopping theorem for Martingales

Martingales are often used to represent fair games or risk-free markets.

BUY LOW

SELL HIGH

You can’t get profit in a fair game !

Martingale theory for entropy production

random stopping time



Statistics of infima of entropy production
What is the minimum value (infimum) of  

stochastic entropy production in a time interval [0,t]?
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Statistics of infima of entropy production

Theoretical 
bound

Experimental test?



Left  
detector

S. Singh, É. Roldán, I. Neri, I. M. Khaymovich, D. S. Golubev,  
V. F. Maisi, J. T. Peltonen, F. Jülicher, J. P. Pekola, arXiv 1712.01693 (2017)

200 nm
N

S
S

N

B

C

Experimental setup
Normal metal   (N):   Copper
Superconductor (S):   Aluminium

Base temperature 50mK

Tunnel junctions (Aluminium oxide)  
R ~ ΜΩ ,   C ~ pF      

External bias voltage  ~ μV

Coulomb-blockade

Lead LeadIsland Island

Right  
detector

Detector currents

Electronic double dot



Stochastic entropy production

net current along α

Entropy fluctuations in the double dot

Experimental  
steady state

S. Singh, É. Roldán, I. Neri, I. M. Khaymovich, D. S. Golubev,  
V. F. Maisi, J. T. Peltonen, F. Jülicher, J. P. Pekola, arXiv 1712.01693 (2017)



S. Singh, É. Roldán, I. Neri, I. M. Khaymovich, D. S. Golubev, V. F. Maisi, J. T. Peltonen, F. Jülicher, J. P. Pekola, arXiv 1712.01693 (2017)

Theory

Theory

Close to equilibrium

Far from equilibrium

Extreme values of stochastic entropy production



S. Singh, É. Roldán, I. Neri, I. M. Khaymovich, D. S. Golubev, V. F. Maisi, J. T. Peltonen, F. Jülicher, J. P. Pekola, arXiv 1712.01693 (2017)

Testing “infimum law”

non-stationary  
conditions



S. Singh et. al, arXiv: TODAY or TOMORROW

Universal first-passage-time distribution
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FIG. 3. First passage time distribution for positive (a) and negative (b) values of the threshold N . Di↵erent colors
correspond to several di↵erent values of N as indicated in the figure. The symbols are experimental data, solid lines show full
numerical theory [? ], dashed lines are the predictions of the Eq. (??).

sults are shown by solid lines in Fig. ??. We find pefect
agreement between the experimental data and the theory,
which confirms the consistency of our analysis.

In addition to that, we propose and test a simple uni-
versal expression for the first passage time distribution,
which takes into account the non-Gaussian statistics of
the electron transport via a single parameter — third cu-
mulant of the distribution of the number of transmitted
electrons.

The fixed-time statistics of electron tunneling is fully
described by the probability P

t

(N) for N electrons to be
transmitted through the junction during the time t [?
? ] (blue curve in Fig. ??b). Below we use the first
four cumulants of this distribution, normalized by the
observation time t,

C
1

= hNi/t, C
2

= h(N � C
1

t)2i/t,
C
3

= h(N � C
1

t)3i/t, C
4

= h(N � C
1

t)4i/t� 3C
2

. (1)

The time t should exceed the relaxation time of the sys-
tem ⌧

r

to ensure time independence of the cumulants.
⌧

r

is defined as a time which the system needs to return
back to the steady state after an external perturbation.
In Eq. (??), the angular brackets denote the averaging
with the distribution P

t

(N), i.e. h. . . i =P
N

(. . . )P
t

(N).
The cumulants C

1

and C
2

are related to the current hIi
and the current noise S

I

= 2
R
dthI(t)I(0)� hIi2i of the

double dot as follows: hIi = eC
1

and S

I

= 2e2C
2

. For
a random walk model one finds C

1

= v and C
2

= 2D,
with v and D being the drift and di↵usion coe�cients,
respectively. The cumulants (??) can be determined ei-
ther from experimentally measured distributions P

t

(N)
or, theoretically, from the measured values of transition
rates between the charge states.

Our approximate universal expression for the first pas-
sage time distribution is based on the exact result for the
random walk on a one dimensional chain of sites (see e.g.
Refs. ? ? ). This problem is equivalent to that of the

transport of charged particles through a single voltage
biased tunnel junction, and has three free parameters –
the forward and the backward tunneling rates and the
particle charge e

⇤. We adjust these parameters in such
a way that the first three cumulants of the model dis-
tribution coincide with those of the exact distribution
P

t

(N) (see [? ] for details). In particular, we find
e

⇤ = e

pC
3

/C
1

, where e is the electron charge. After-
wards, we approximate the exact first-passage-time dis-
tribution by the known model expression. In this way we
arrive at our main theoretical result — an approximate
analytical expression for the first-passage-time distribu-
tion,
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In this expression, I
n

(x) is the modified Bessel function of

the first kind, N⇤ =
h
N

pC
1

/C
3

i
is the e↵ective threshold

value and the square brackets [. . . ] denote the rounding
function. We have also assumed that C

1

, C
3

> 0, and
C2

2

> C
1

C
3

. The approximate expression (??) is valid
provided the conditions

C
1

|C
1

C
4

� C
2

C
3

|
12C3

2

✓
N

C
1

t

� 1

◆
2

. 1, t & ⌧

r

(3)

are fulfiled [? ]. The first condition implies that the ap-
proximation (??) works in the vicinity of the maximum
of the distribution P

N

(t), occuring close to t = N/C
1

, but
may fail at the distribution tails. For a Gaussian stochas-
tic process with C

3

= 0 the distribution (??) reduces to
the form P

N

(t) = |N | exp[�(N � C
1

t)2/2C
2

t]/
p
2⇡C
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t

3/2

well known from the theory of Brownian motion [? ?

non-Gaussianity
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